We study deformations of a curve Y (defined over an algebraically closed field of characteristic p) along with a wildly ramified group action ρ : G ֒→ Aut(Y ). The main result is a computation of the Krull dimension of the moduli space parametrizing deformations of the pair (Y, ρ). This dimension depends crucially on the ramification filtrations of the cover Y → Y /G. The proof uses formal patching and a Galois action on wildly ramified covers of germs of curves. This action can also be used to show that arbitrarily large genus and conductors can occur for such covers with fixed quotient curve, branch locus, and Galois group. For example, we prove that for any nontrivial quasi-p group G and for any sufficiently large integer σ with p ∤ σ, there exists a G-Galoisétale cover of the affine line with conductor σ above the point ∞.
Introduction.
Due to the presence of wild ramification, there are many open questions about Galois covers of curves in characteristic p whose characteristic 0 analogues are wellunderstood. For example, consider a G-Galois cover φ : Y → X of Riemann surfaces and the associated group action ρ : G → Aut(Y ). The deformations of φ or the pair (Y, ρ) are parametrized by a moduli space whose dimension is determined by the genus g X of X and the size |B| of the branch locus of φ. (For almost all choices of X and B, this dimension is 3g X − 3 + |B|.) By the Riemann-Hurwitz formula, the genus of Y is determined by |G|, g X , |B| and the orders of the inertia groups.
These statements are no longer true when φ : Y → X is a wildly ramified cover of curves. In contrast, in characteristic p, there are often infinitely many covers of a fixed affine curve with a fixed Galois group. Not only can these covers be deformed without varying X or the branch locus B of φ, but they can be often be distinguished from each other by studying finer ramification invariants such as the conductor. The genus of Y now depends on these finer ramification invariants.
Let k be an algebraically closed field of characteristic p > 0. Suppose X is a smooth projective k-curve and B is a finite set of points of X. Suppose G is a finite quotient of π 1 (X − B); (when |B| is nonempty these groups have been classified by Raynaud and Harbater ([18] [9] ) in their proof of Abhyankar's Conjecture). Suppose φ : Y → X is a G-Galois cover of curves branched only at B. Let ρ : G ֒→ Aut(Y ) be the associated action of G on Y . We assume the genus of Y satisfies g Y ≥ 2.
The main result in this paper is Theorem 4.12 which determines the dimension d φ (resp. d (Y,ρ) ) of the deformation space of the (possibly wildly ramified) cover φ : Y → X (resp. of the curve Y along with the G-action ρ). More precisely, Theorem 4.12 computes the Krull dimension of the moduli space which pro-represents the deformation functor of φ or the pair (Y, ρ), Definition 4.10. The local/global nature of the deformations of φ is a consequence of formal or rigid patching; the local/global property for deformations of (Y, ρ) is proved by Bertin and Mézard in [2] . The main contribution of this work is the formula for the dimension d b of the local deformations in terms of the group theory of the inertia group I b and the breaks in the filtrations of higher ramification groups of φ above b. If the inertia above b is a p-group whose ramification filtration has upper jumps σ 1 , . . . , σ e (with multiplicity) then d b is approximately e i=1 ⌊σ i ⌋(p − 1)/p, Corollary 4.9. This result generalizes work of Cornelissen and Kato [3] (which in turn refers to [2] ). In [3] , the authors use equivariant deformation theory to compute this Krull dimension in the case that Y is ordinary. The condition that Y is ordinary places a large restriction on the inertia groups and conductors for the cover. Theorem 4.12 applies without any restrictions on Y or on the ramification of φ. They also answer additional questions on the tangent space (such as the presence of nilpotent elements coming from obstructed deformations) which we do not address in this paper.
Here are the other main results. Corollary 3.5 shows that the genus of Y can be arbitrarily large for a G-Galois cover φ : Y → X branched at B even when G, g X , |B| and the orders of the inertia groups are fixed.
the Sylow p-subgroup of G has order p.
The strategy for the proofs is to decompose the deformations as much as possible. The technique of (higher-dimensional) formal patching [11] allows one to reduce the question of deformations of a cover φ of projective curves to the question of deformations of the I b -Galois coverφ b of the germ of φ above each of its wild branch points b. Here the inertia group I b is of the form P ⋊ µ m where |P | = p e and p ∤ m. We use group theory and ramification theory to factorφ b as κ • φ • φ A . Here the Galois group of φ A is an elementary abelian p-group denoted A, the Galois group of φ is P/A, and κ is a Kummer µ m -cover. We define a Galois action onφ b which acts non-trivially only on the subcover φ A . This Galois action causes the set of wildly ramified I b -Galois covers of germs of curves which dominate φ • κ to form a principal homogeneous space under the action of an explicitly computable group. This allows us to describe the deformations ofφ b with an inductive process.
Here is the outline of the paper. Section 2 contains background on the filtrations and conductor of a wildly ramified coverφ of germs of curves. We define the Galois action onφ. The effect of this Galois action on the conductor of a cover is investigated in Proposition 2.7. In Section 3, we use this Galois action and formal patching to prove Theorem 3.3 which shows that a G-Galois cover of X can be modified to increase the conductor above any wild branch point (and thus increase the genus). Corollaries 3.5 and 3.4 follow from this. In Section 4, we reinterpret this action to study deformations of wildly ramified covers of germs of curves with control over the conductor. We prove Theorem 4.12 using embedding problems and higher-dimensional formal patching.
To give some examples of Theorem 4.12, we compute the local contribution d b to the dimension of the deformation space in two important cases. In Section 5, we consider the case that the inertia group is of the form (Z/p) e ⋊ Z/m; this allows us to reprove the dimension result in [3] for the case that Y is ordinary. In Section 6, we consider the case that the inertia group is cyclic. We use class field theory to describe Z/p e -Galois covers and study their deformations. I would like to thank J. Achter, I. Bouw, A. Tamagawa, and especially D. Harbater for their suggestions which helped improve earlier drafts of this paper.
Galois action on covers.
In this section, we investigate a Galois action on a wildly ramified cover of germs of curves and its effect on the conductor. The main result is Proposition 2.7 which we use in Section 4 to count the dimension of the deformation space and to increase the conductor of a cover at a wild ramification point.
Inertia groups.
Consider the germ U = Spec(k [[u] ]) of a smooth curve at a closed point ξ. Let φ : Y → U be an I-Galois cover of normal connected germs of curves which is wildly ramified at the closed point η = φ −1 (ξ) ∈ Y . Recall that the inertia group I is of the form P ⋊ ι µ m where |P | = p e for some e > 0 and p ∤ m, [20] . Here ι denotes the inner automorphism of P which determines the conjugation action of µ m on P .
Consider a compatible system of roots of unity of k. Denote by ζ the chosen generator of µ m . Let δ ij = 1 if i = j and δ ij = 0 otherwise.
Associated to the cover φ, there are two filtrations of I, namely the filtration of higher ramification groups I c ′ in the lower numbering and the filtration of higher ramification groups I c in the upper numbering. If c ′ ∈ N, then I c ′ is the normal subgroup of all g ∈ I such that g acts trivially on where
dt/(I 0 : I t ). If I j = I j+1 for some j ∈ N + , we will say that j is a lower jump of φ at η. The multiplicity of j is the integer ℓ so that I j /I j+1 ≃ (Z/p) ℓ . A rational number c is an upper jump of φ at η if c = ϕ(j) for some lower jump j. We will denote by j 1 , . . . , j e (resp. σ 1 , . . . , σ e ) the set of lower (resp. upper) jumps of φ at η written in increasing order with multiplicity. Note that these are the positive breaks in the filtration of ramification groups in the lower (resp. upper) numbering. By [20, IV, Proposition 11], p ∤ j i for any lower jump j i . Herbrand's formula implies that
In particular, we will call σ = σ e the conductor of φ at η; σ is the largest c ∈ Q such that inertia group I c is non-trivial in the filtration of higher ramification groups in the upper numbering. (Note that this indexing is slightly different than in [20] , where if x is a uniformizer at the branch point, then the ideal (x σ+1 ) is the conductor of the extension of complete discrete valuation rings.)
We will study the deformations of φ by first studying the deformations which fix its I/A-Galois quotient for a suitable choice of A ⊂ I. Given an I-Galois cover φ : Y → U with conductor σ, we will fix A ⊂ P satisfying the hypotheses of Lemma 2.1. Let a be the positive integer such that A ≃ (Z/p) a . The condition that A is central in P (resp. A is normal in I) is used to define a transitive action of A-Galois covers on P -Galois covers in Section 2.2 (resp. I-Galois covers in Section 2.3). The conditions that A ≃ (Z/p) a and that A is indecomposable under the action of µ m make it easy to describe these A-Galois covers. The condition that A ⊂ I σ is important for controling the conductor when performing this action which is necessary in Section 2.5 for Proposition 2.7.
Let A ⋊ ι µ m be the semi-direct product determined by the restriction of the conjugation action of µ m on P . Since µ m acts irreducibly on A we see that the restriction of ι to A determines an automorphism of F p a . More precisely, after choosing an isomorphism between A ≃ (Z/p) a and F p a there is a homomorphism µ m → Aut(F p a ). The kernel of this homomorphism is the subgroup of µ m which centralizes (i.e. acts trivially on) A. If this kernel has order m 1 , note that a = min{a 1 ∈ N + |m/m 1 divides p a 1 − 1}. We fix a set of generators {τ i | 1 ≤ i ≤ a} for A. Let P = P/A and I = I/A.
Galois action on covers.
Suppose we are given an I-Galois cover φ : Y → U as in Section 2.1 and a subgroup A in the center of P . Consider the factorization of φ via
Let φ
A : Y → Y (resp. φ P : Y → X) denote the A-Galois subcover (resp. the P -Galois subcover). We denote by φ : Y → X the P -Galois subquotient and by κ : X → U the µ m -Galois quotient. If A is normal in I and I = I/A, then κ • φ is an I-Galois cover. Also, X ≃ Spec(k[[x]]) for some x such that x m = u. The generator ζ of µ m acts as ζ(x) = ζ h m (x) for some integer h relatively prime to m.
We suppress the choice of basepoint from the notation. An element α ∈ H A may be identified with the isomorphism class of an A-Galois cover of X branched only over the closed point. We will denote this cover by ψ α : V → X.
For more details about Lemma 2.2 in the case that A ≃ Z/p, see [12, Section 4] . We note that the fibre H φ may be identified with isomorphism classes of (possibly disconnected) P -Galois covers Y → X of normal germs of curves which areétale over X ′ and dominate the P -Galois cover φ : Y → X. Suppose α ∈ Hom(π 1 (X ′ ), A) corresponds to the isomorphism class of an AGalois cover ψ α : V → X and γ ∈ Hom(π 1 (X ′ ), P ) corresponds to the isomorphism class of a P -Galois cover φ P γ : Y → X. Consider the normalized fibre products Z = Y× X V and Z = Y× X V .
If A is in the center of P , then the P -Galois cover corresponding to
) , the two covers give the same element of Hom(π 1 (X ′ ), P ).
2.3
Invariance under the µ m -action. Now we will consider the invariance of these covers under the µ m -Galois action. Suppose A is central in P and normal in I. Since ι restricts to an inner automorphism of A, we see that ι acts naturally on Hom(
In other words, the elements of H ι A correspond to A-Galois covers ψ : V → X branched only over the closed point for which the composition κ • ψ : V → U is an (A ⋊ ι µ m )-Galois cover.
Suppose φ : Y → U is an I-Galois cover where I ≃ P ⋊ ι µ m . Let γ ∈ Hom(π 1 (X ′ ), P ) correspond to the isomorphism class of the P -Galois subcover φ P of φ. If α ∈ H X , recall that φ P αγ is the cover corresponding to αγ ∈ Hom(π 1 (X ′ ), P ). Proof. Let (P ×A)⋊ ι µ m be the semi-direct product for which the conjugation action of ζ on the subgroups (0, A) and (A, 0) in P × A is the same. By the hypotheses on A,
Since Y → U and W → U are I-Galois the action of µ m extends to an automorphism of Y and of W , which reduce to the same automorphism of Y . Since Y is the fixed field of Z under (0, A) ⊂ P ×A and W is the fixed field of Z under A ′ , we see that the action of µ m extends to an automorphism of Z. Thus Z → U is (P × A) ⋊ ι µ m -Galois. Recall that V is the quotient of Z by the normal subgroup (P, 0) of
The indecomposable elementary abelian case.
In this section, we consider the case that A ⊂ P is a non-trivial elementary abelian p-group (Z/p) a which is indecomposable under the action of µ m on P . In other words, A satisfies all the hypotheses of Lemma 2.1 except that A ⊂ I σ . In this case, the results in Sections 2.2 and 2.3 can be made more explicit.
First, if A is a non-trivial elementary abelian p-group, then the cover ψ α corresponding to α ∈ H A is determined by its τ i -Galois quotients which are given by equations v 
) . Thus the cover φ P αγ : W → X is determined from φ by the A-Galois cover W → Y which is determined by the equations w p i − w i = r γ i + r α i . Furthermore, suppose A ⊂ P is a non-trivial elementary abelian p-group so that µ m acts irreducibly on A. If ψ α is the A-Galois cover corresponding to some α ∈ H ι A , then ψ α is determined by any one of its τ i -Galois quotients along with the cover κ. Also the filtration of higher ramification groups for α ∈ H ι A can have only one jump which occurs with full multiplicity a. In addition, the conductor of ψ α is an integer which must satisfy a certain congruence condition. 
is a polynomial of degree p a and r φ ∈ K. Since P (y)/y p a is a unit, the valuation of P (y) equals the valuation of y p a . From the equation, it follows that r φ has valuation p a val(y) in K. To find the valuation of r φ in K it is necessary to divide by the degree of φ A , namely p a . So r φ is an element of valuation −j e in K and x has valuation ii) It is sufficient to show that the conductors s i of any two covers α, α 1 ∈ H ι A are congruent modulo m. This follows directly from part (i) (where φ = κ • α 1 , P = A, |P | = 1, and j e = s 1 ).
Effect of the Galois action on the conductor.
At this point, we determine the effect of this Galois action on the conductor of the cover. Consider an I-Galois cover φ : Y → U with conductor σ and, more generally, upper jumps σ 1 , . . . , σ e in the ramification groups I The action of α takes φ to another I-Galois cover which we denote by φ α : W → U. Recall that φ α is the I-Galois cover κ• (φ P αγ ) where γ ∈ Hom(π 1 (X ′ ), P ) corresponds to the P -Galois subcover φ P . Proof. The first statement follows directly from the second since φ P only dominates a finite number of A-Galois covers.
For the second statement, suppose φ P : Y → X and ψ α : V → X both dominate a non-trivial Z/p-cover. Since both Y and V are invariant under the µ m -Galois action and A is indecomposable under this action, it follows that φ P and ψ α both dominate the same A-Galois cover, which must be ψ α itself. So the condition that φ P does not dominate ψ α is equivalent to the condition that φ P and ψ α are linearly disjoint. Now, φ P and ψ α are linearly disjoint if and only if the curve Z = Y× X V is connected. If Z is connected then its quotient W = Z A ′ is connected and so φ α : W → X is a cover of connected germs of curves. It is not possible for Y and W to be connected without Z being connected. So if Z is not connected, then W and thus φ α are not connected.
The following crucial result will allow us to modify a Galois cover of germs of curves with control over the change in the ramification filtration. Proof. The P -Galois subcover φ
So after intersecting with P , the ramification filtrations for φ P and φ P αγ are equal, i.e. I c φ α ∩ P = I c φ ∩ P . So the only issue is to find the index at which each generator τ i of A drops out of the filtration of higher ramification groups. In fact, the jumps for the τ i will all be equal. This is because the jumps of the τ i are the same (occuring with multiplicity a) for both of the covers φ P and ψ α . To complete the proof it is thus sufficient to find the conductor of the cover φ α . In particular, by Herbrand's formula, it is sufficient to show the conductor of the P -Galois subcover (φ α ) P equals max{s, mσ}. To do this, we will investigate the filtration of the A × A-Galois cover Z → Y . Here s and mσ are the relevant upper jumps of Z → X. Denote by Ψ (γ,α) the function which takes the indexing on the ramification filtration of the P × A-Galois cover from the upper to lower numbering. So the numbers Ψ (γ,α) (s) and Ψ (γ,α) (mσ) are the corresponding lower jumps for Z → X and thus for Z → Y . Also the lower (and upper) jump for Z → Z is Ψ (γ,α) (mσ) and for Z → Y is Ψ (γ,α) (s). Since the Galois group of Z → W is generated by the automorphisms (τ γ,i , τ
If s ≤ mσ, the conductors of Z → W and of Z → Y are the same; this implies that the conductor of W → Y equals the conductor of Y → Y , namely Ψ γ (mσ). Thus the conductor of φ α is mσ and the ramification filtrations for φ α and φ are the same. Similarly, if s > mσ, the conductors of Z → W and Z → Z are the same; this implies that the conductor of W → Y equals the conductor of Z → Y . So the ramification filtrations for φ α and Z → U are the same, which implies that the conductor of the former is also s/m. Remark 2.8. A necessary condition for φ α to be disconnected is that s ∈ {mσ i }. This follows by Herbrand's formula since the upper jumps of φ P are {mσ i }. If φ P and ψ α both dominate a non-trivial cover X 1 → X then the upper jumps of X 1 → X are also upper jumps of both φ P and ψ α . So if s ∈ {mσ i }, the covers are linearly disjoint. But this condition is not sufficient; in other words, φ α could be connected even if s ∈ {mσ i }.
The cover φ α is connected (and thus has conductor max{s/m, σ} by Proposition 2.7) if we can insure the following weaker hypothesis: the leading term of r φ does not cancel the leading term of r α + r p − r for any r ∈ K. For this will guarantee that − val(r φ + r α ) = max{− val(r φ ), − val(r α )}.
The following example illustrates that a direct computation of the conductor of φ α found in Proposition 2.7 can be complicated. We will investigate cyclic P -Galois covers more thoroughly in Section 6. Example 2.9. Suppose P = Z/p 2 and A = Z/p. Choose j ∈ N + with p ∤ j. We will show in Lemma 6.2 that there exists a P -Galois cover φ : Y → X with upper jumps σ 1 = j and σ 2 = pj and furthermore, that no conductor smaller than pj can occur if the first upper jump is j. By Herbrand's formula, the lower jumps of φ are j 1 = j and j 2 = (p 2 − p + 1)j. After some changes of coordinates, the equation for the Z/p-Galois quotient φ : Y → X can be chosen to be given generically by y 
The Z/p-Galois cover ψ α is given by an equation
. By Lemma 2.3, the cover φ α is determined by its Z/p-Galois subcover which is given by an equation w p −w = f (y 1 , x)+g(x). By Lemma 2.2, any P -Galois cover dominating φ is of this form for some g(x) ∈ k((x)).
We now give an explicit proof of Proposition 2.7 in this case: namely, we show that the upper jumps of φ α are σ 1 and max{s, σ 2 }. The first upper jump is σ 1 since φ α dominates φ. By Herbrand's formula, it is sufficient to show that the last lower jump J of φ α equals max{j 2 , ps−j(p−1)}. Recall that J is the prime-to-p valuation of f (y 1 , x) + g(x). Note that x −s = (y
We can modify the equation for ψ α by adding −y
without changing the isomorphism class of the cover. The lower jump J of the cover
3 Increasing the Conductor of a Cover.
We are now ready to consider the question of increasing the conductor of a cover at a wild branch point. Suppose φ : Y → X is a G-Galois cover of smooth reduced projective k-curves wildly ramified over b ∈ X. Let I be the inertia at a ramification point above b. Let R be an equal characteristic complete discrete valuation ring with residue field k and let K = Frac(R). In this section, we will "deform" φ to a cover φ R : Y R → X × k R so that the conductor of φ R at this wild branch point increases on the generic fibre. The following lemma shows that it is not possible to do this without introducing a singularity. In other words, the special fibre φ k of φ R will be singular and φ will be isomorphic to the normalization of φ k away from b.
More precisely, letφ :Ŷ → U be the germ of φ at a wild ramification point
. For lack of better terminology, a singular deformation ofφ is an I-Galois coverφ R : Y → U R of normal irreducible germs of R-curves, whose branch locus consists of only the Rpoint ξ R = ξ × k R, such that the normalization of the special fibre ofφ R is isomorphic toφ away from ξ. (Note that the special fibreφ k ofφ R is the restriction ofφ R over U (when t = 0). The generic fibreφ K ofφ R is the cover of
). The following lemma shows that a deformation is singular if the ramification data on the generic and special fibres are not the same. 
Proof. The proof follows from Kato's formula [15] which states (under the conditions above) that
Here n = deg(φ), µ ξ = 0 since ξ is a smooth point of U and µ η is the invariant measuring the singularity of Y k at η.
Also in the formula, d K is the degree of the ramification divisor for the cover φ K on the generic fibre. Writeφ :Ỹ k → U andφ −1 (ξ) = {η i |1 ≤ i ≤ m η }. Let δ i and e i be respectively the discriminant ideal and the ramification index of the extension on the special fibre
the condition that η is smooth implies µ η = 0, m η = 1, and
The following proposition shows that there is always a singular deformation of φ with larger conductor on the generic fibre. Proof. The A-Galois subcoverŶ → Y is determined by κ and by the equation y p − y = r φ of its τ 1 -Galois quotient (where r φ ∈ K). Consider the singular deformation ofφ whose P -Galois quotient is constant and whose A-Galois subcover is given generically by the following equation:
The curve Y is singular only above the point (u, t) = (0, 0). The normalization of the special fibre agrees withφ away from u = 0. The coverφ R is branched only at ξ R since u = 0 is the only pole of the function r φ + tx −s . When t = 0, by Proposition 2.7, the conductor ofφ K is s and the statement on ramification filtrations is true. Proposition 3.2 shows that we can increase the conductor from σ to s/m. By Herbrand's formula, it follows that the last lower jump increases from j e to j e + p e−a m(s/m − σ). One can check that the latter number is always an integer which is not divisible by p.
The next theorem uses Proposition 3.2 and formal patching to (singularly) deform a cover φ : Y → X of projective curves to a family of covers φ R of X so that the conductor increases at the chosen branch point. This family can be defined over a variety Θ of finite type over k. We then specialize to a fibre of the family over another k-point of Θ to get a cover φ ′ with larger conductor. 2. After normalization, the special fibre φ k of φ R is isomorphic to φ away from ξ 1 .
3. The branch locus of the cover φ R (respectively φ ′ ) consists exactly of the Rpoints ξ R = ξ × k R (respectively the k-points ξ) for ξ ∈ B.
4. For ξ ∈ B, ξ = ξ 1 , the ramification behavior for φ R (respectively φ ′ ) at ξ R (respectively ξ) is identical to that of φ at ξ.
At the
K-point ξ 1,K (respectively at ξ 1 ), the cover φ K (respectively φ ′ )has inertia I and conductor s/m and in addition I c φ K = I c φ for 0 ≤ c ≤ σ, I c φ K = A for σ < c ≤ s/m, and I c φ K = 0 for c > s/m.
The genus of Y
′ and of the fibres of Y R is g
Recall that the cover φ R is isomorphic to Ind G I (φ R ) overX R,ξ 1 . Also, φ R is isomorphic to the trivial deformation φ tr : Y tr → X tr of φ away from ξ 1 . Thus Y R is irreducible since Y is irreducible and Y K is smooth since Y tr,K andŶ K are smooth.
The data for the cover φ R is contained in a subring Θ ⊂ R of finite type over k, with Θ = k since the family is non-constant. Since k is algebraically closed, there exist infinitely many k-points of Spec(Θ). The closure L of the locus of k-points x of Spec(Θ) over which the fibre φ x is not a G-Galois cover of smooth connected curves is closed, [ One can say more when X ≃ P 1 k and B = {∞}. By Abhyankar's Conjecture, the non-trivial quasi-p groups are exactly the ones so that G is a finite quotient of π 1 (A 1 k ) and p divides |G|. [18] and [9] , there exists a G-Galois cover φ : Y → P 1 k branched only at ∞ whose inertia groups are the Sylow p-subgroups of G. The result is then automatic from Theorem 3.3.
As
i) The set p contains an arithmetic progression.
ii) The density of the set p in N is at least
Proof. First we will show that the hypotheses on G guarantee the existence of a GGalois cover φ : Y → X branched only at B with wild ramification at some point. Let Q be the normal subgroup of G generated by all elements of p-power order. Let S ⊂ Q be a Sylow p-subgroup of G. Consider the natural morphism π : G → G/Q. By [10, Lemma 2.4], there exists F ⊂ G which is prime-to-p and normalizes S so that
. . , g r be a minimal set of generators for G/Q. After possibly replacing F with the subgroup generated by elements h 1 , . . . , h r where π(h i ) = g i , we see that F can be generated by r elements. By Abhyankar's Conjecture [9] , r ≤ 2g X + |B| − 1 and there exists an F -Galois cover Y • → X branched only over B. Note that F and Q generate G. As a result, the F -Galois cover Y • → X and Q satisfy all the hypotheses of [10, Theorems 2.1 and 4.1]. Let I 1 be the inertia group of Y • → X above a chosen point ξ 1 ∈ B. These theorems allow one to modify the cover Y • → X to get a new G-Galois cover φ : Y → X branched only at B so that the inertia above ξ 1 is I = I 1 S. Since p divides |G|, it follows that S is non-trivial and so φ is wildly ramified above ξ 1 .
i) Let g Y be the genus of Y . The inertia group I is of the form P ⋊ ι µ m for some P ⊂ S. Suppose |P | = p e . Let σ be the conductor of φ above ξ 1 . Let n be the fixed integer |G|(1 − 1/p a )σ/2. Let s be such that p ∤ s, s > mσ, and s ≡ s ι mod m. By Theorem 3. This lower bound for the density of the set of genera which occur is approximately 2/|G| for large p. The lower bound is exactly realized in the case when X = P 1 k , B = {∞}, and G = Z/p. In this case, the genus of Y ′ equals (p − 1)(j − 1)/2 for some j ∈ N such that p ∤ j. This set has density 2/p which is exactly the lower bound above when a = 1 and |G| = p.
Deformations via the Galois action.
Suppose φ : Y → X is a G-Galois cover of smooth projective k-curves with branch locus B. In this section, we will find the dimension of the deformation space of φ. To find this dimension, it will first be necessary to consider deformations of the I-Galois coverφ :Ŷ → U of germs of curves at a ramification point above b ∈ B. In Section 4.1, we show there is a fine moduli space parametrizing these deformations and compute its dimension. Then, in Section 4.2, we use formal patching to compare the dimensions for several types of deformations (including deformations of the GGalois cover φ : Y → X of smooth projective curves and deformations of the curve Y along with the group action ρ : G → Aut(Y )).
Local Deformations.
Supposeφ :Ŷ → U is an I-Galois cover of normal connected germs of curves which is wildly ramified at the closed point
is the germ of a smooth curve at a closed point ξ. Let C be the category of pointed k-schemes; we denote objects in C by (Ω, ω) where Ω is a k-scheme and ω is a k-point of Ω. For each object (Ω, ω) of C, there is a natural choice of isomorphism of U with the fibre U ω of the map U × k Ω → Ω over ω.
A deformation ofφ over (Ω, ω) is an I-Galois coverφ Ω : Y Ω → U × k Ω of normal irreducible germs of Ω-curves, whose branch locus consists of only the Ω-point ξ Ω = ξ × k Ω, together with an isomorphism betweenφ and the fibre ofφ Ω over ω as I-Galois covers of U ω . Two deformationsφ Ω andφ ′ Ω over (Ω, ω) are isomorphic if there is an isomorphism between them as I-Galois covers of the Ω-curve U × k Ω which commutes with the isomorphisms betweenφ and their fibres over ω.
Suppose (Ω ′ , ω ′ ) is another object of the category C andφ Ω ′ is a deformation of φ over (Ω ′ , ω ′ ). We will say that the deformationsφ Ω andφ Ω ′ are equivalent if there exists an object (Ω ′′ , ω ′′ ) of C along with finite purely inseparable (possibly trivial) Consider the contravariant local deformation functorF ξ from C to sets which associates to (Ω, ω) the set of equivalence classes of deformations ofφ over (
is any finite purely inseparable morphism. The main result of this section is that the functorF ξ is representable by an affine pointed k-scheme (Ĥ ξ , ω ξ ) of finite dimension in a category where finite purely inseparable morphisms are invertible. Definition 4.1. Let C ′ be the category whose objects are the objects of the category C, and whose morphisms consist of all morphisms in C along with formal inverses to finite purely inseparable morphisms between objects in C.
Note that any such finite purely inseparable morphism (sometimes called a radicial morphism) is a composition of Frobenius morphisms [14, IV.2.5]. Thus the category C
′ can be obtained by localizing the category C by the multiplicative system of morphisms which are powers of Frobenius [13, Proposition 3.1].
The functorF ξ is defined over the category C, but it descends to a functor on C ′ since it associates an equivalence class of deformations to the equivalence class in C ′ of an object (Ω, ω) of C. It is the latter functor that we will show is representable by an affine pointed k-scheme (Ĥ ξ , ω ξ ) which has finite dimension.
Remark 4.2.
A moduli space M P for P -Galois covers of germs of curves was constructed in [8] . The moduli space here is different in several respects. First, the inertia group I in this paper can be a cyclic-by-p group (not just a p-group). Second, in [8] , the author usesétale rather than inseparable pullbacks. As a result, M P is defined over the category (Sch) but it is highly singular. Third, in [8] , the author considers deformations ofétale covers of punctured curves. These correspond to singular deformations of the branched covers of the closed-up base as in Section 3. As a result, M P is infinite-dimensional. In this paper, we consider deformations of branched covers of non-punctured curves. So the dimension of the moduli spaces here will be finite since the ramification filtration will not change under true deformations of a fixed cover. It seems unlikely that one can represent the functorF ξ in the category C by an object of finite dimension. For example, it is easy to produce an infinite set of non-isomorphic deformations ofφ which are all equivalent. Also a versal deformation space for non-Galois covers of germs of curves is constructed in [6] in terms of local ramification data. The correspondence between the Galois sublocus of this space and the moduli space in this paper is not clear since the constructions are quite different.
The finite dimensiond ξ ofĤ ξ can be computed from the ramification filtration ofφ. The following numbers will appear in the formula for the dimension. Definition 4.3. Given σ ∈ Q, m ∈ N and s 0 ∈ N, define n(σ, m, s 0 ) to be the cardinality of {i ∈ N + |i ≤ mσ, p ∤ i, i ≡ s 0 mod m}.
The proof of the existence of a fine moduli space forF ξ in the category C ′ will occupy the rest of the section. We will start by parametrizing deformations of the I-Galois coverφ which have a nonvarying quotient cover.
Suppose I = P ⋊ ι µ m with |P | = p e and p ∤ m. Supposeφ :Ŷ → U is an I-Galois cover of normal connected germs of curves with conductor σ and last lower jump j e . Suppose A ⊂ I 
ii) There is a morphism
It suffices to show statements (i)-(ii) for pointed k-schemes (Ω, ω) which are affine for sheaf theoretic reasons. If Ω is not affine, then consider a collection of affine subvarieties each containing ω which cover Ω. Then the equations for a deformation φ Ω are determined by the equations over this affine covering of Ω. The modifications made to these equations are also determined by the modifications over the affine covering. So we can suppose that Ω = Spec(R Ω ) for some k-algebra R Ω .
Givenφ, consider its A-Galois subcover p − y = r φ for some r φ ∈ K. We note that if r φ ∈ k((x)), then it is possible to choose r φ to be in standard form, in other words r φ ∈ k[x −1 ] and p does not divide any exponent of x −1 in r φ . For (i), suppose we are givenφ Ω ′ ∈F A (Ω, ω). By definition,φ Ω ′ is a deformation ofφ over (Ω ′ , ω ′ ) whose I-Galois quotient is constant. By Lemmas 2.2 and 2.3,φ Ω ′ is determined by κ and by an equation
. Note that r α is in the ideal corresponding to the k-point ω ′ . Since the Galois action is transitive, every deformationφ Ω ′ ofφ with constant I-quotient is equivalent to one of this form.
It is possible to put this deformation in standard form. Within the equivalence class of this deformation, there is a choice of equation
and for which p does not divide any exponent of x −1 in r ′ α . Here R Ω ′′ is a finite purely inseparable extension of R Ω ′ . The reason is that after a finite radicial extension, there is a r ′ α as above such that r α −r
. Thus the pullback of the original cover to Ω ′′ is isomorphic to the one with this simple equation.
Let s ι be defined as in Lemma 2.5. It follows from Lemma 2.5 that the coefficient ′′ is a cover of normal germs of curves when the leading term of r ′ α + r p − r does not cancel the leading term of r φ for any r ∈ K. In other words, the coefficient of (x −1 ) ⌊mσ⌋ cannot specialize to a finite set of values (which is the empty set if mσ ∈ N). By Lemma 2.6, the fibre ofφ Ω ′′ over a k-point of Ω ′′ is connected if and only if the coefficients of r ′ α do not specialize to any vector in a finite set of vectors of k n . Let δ be the finite set of k-points of G n a to which the coefficients of r ′ α cannot specialize for these two reasons.
] to be in standard form. By Lemma 4.6, the coversφ 1 : Y 1 → U andφ 2 : Y 2 → U corresponding to r 1 , r 2 in G are isomorphic if and only if r 2 − ζr 1 = (ζ − 1)r φ for some ζ ∈ µ p−1 . Consider the action of µ p−1 on G so that ζ • r 1 = ζ r 1 + (ζ − 1) r φ . In this case, letĤ I• (σ) be the quotient of G n a − δ by the action of µ p−1 and let ω • ∈Ĥ I• (σ) be the orbit of 0. The deformationφ Ω ′ now yields a unique morphism f : (Ω ′′ , ω ′′ ) → (Ĥ I• (σ), ω • ) using the coefficients of (x −1 ) i from the polynomial r ′ α . Note that in the category C ′ (but not in the category C), the morphism f descends to a morphism (Ω, ω)
is a finite purely inseparable extension of (Ω, ω). Then there exists a deformationφ Ω ′ ofφ constructed by using the coordinates of the Ω ′ -point for the coefficients of r ′ α . Define T A (f ) to be the equivalence class of φ Ω ′ inF A (Ω, ω) .
The morphisms T A and T ′ A are clearly functorial and by definition, 
Proof. Suppose r 1 and r 2 are two (Ω, ω)-points of G over which the corresponding deformationsφ 1 : 
. The fact that K contains r φ , r 1 , and r 2 implies that ζ ∈ µ p−1 .
, this is possible only if ζ = 1 so r 1 = r 2 and r 1 = r 2 . If r φ ∈ k((x)), then let r φ be the vector corresponding to the choice of r φ in standard form. Then r 2 = ζ r 1 + (ζ − 1) r φ for some ζ ∈ µ p−1 .
It is now possible to find the dimension of the deformation space ofφ by choosing a good filtration of higher ramification groups and working inductively. Definition 4.7. The reduced ramification filtration ofφ is a refinement 1 = A r+1 ⊂ A r ⊂ A r−1 . . . ⊂ A 1 = P of the sequence of distinct subgroups occuring in the ramification filtration satisfying the property that A i /A i+1 is indecomposable under the action of µ m (and still is a nontrivial elementary abelian p-group). The reduced set of upper jumps ofφ is the set ofσ i for 1 ≤ i ≤ r, whereσ i is the upper jump associated to g ∈ A i − A i+1 .
Since A i is normal in I, we can consider the quotientφ i ofφ by A i+1 for 1 ≤ i ≤ r. This quotient has group (P/A i+1 ) ⋊ ι µ m . Note that A i /A i+1 satisfies all the hypotheses of Lemma 2.1 with reference to the coverφ i . For example, A i /A i+1 is in the last non-trivial higher ramification group ofφ i . The set ofσ i is the same as the set of upper jumps ofφ but the multiplicity of each jump may be greater than one or less than the multiplicity of the jump forφ. There is a well-defined choice of s ι,i determined from κ and from the action of µ m on A i /A i+1 . 
ii) and a non-canonical morphism T ξ :
The morphisms T ′ ξ and T ξ are non-canonical since they depend on the choice of φ ′ r . For simplicity, we will not explicitly annotate the multiple radicial morphisms involved in the rest of the proof.
For (i), considerφ Ω ∈F ξ (Ω, ω). Let φ Ω be the I-Galois quotient ofφ Ω . By the inductive hypothesis, (after inverting by a finite radicial morphism) there is unique morphism f 1 : (Ω, ω) → (H r−1 , ω r−1 ). Consider the I-Galois cover f * 1 φ r of relative Ω-curves. By Lemma 2.2, there exists α ∈ Hom Ω (π 1 
Here α ∈F A (Ω, ω). By Proposition 4.4, (after inverting another finite radicial morphism) α determines a unique morphism f 2 : (Ω, ω) → (Ĥ A , ω • ). Note that f 2 (ω) = ω • since the fibre of φ r over ω r−1 is already isomorphic toφ ω . Let f = (f 1 , f 2 ). The conclusion is (after inverting by a finite radicial morphism) there is a unique morphism f : Here n(σ i ) denotes the cardinality of the set {ℓ ∈ N
Proof. In this case, the reduced ramification filtration A r ⊂ A r−1 . . . ⊂ A 1 = P has quotients A i /A i+1 of order p. So r = e and the reduced set of upper jumps is exactly the set of upper jumps with multiplicity. The proof is then immediate from Theorem 4.8.
Global Deformations.
Suppose φ : Y → X is a G-Galois cover of smooth projective curves branched at a finite set B. Let ρ : G → Aut(Y ) be the associated group action. In this section, we use the technique of formal patching to find the Krull dimension d φ (resp. d Y,ρ ) of the space parametrizing deformations of φ (resp. of the pair (Y, ρ)). Let (Ω, ω) be an object in the category C.
Let M g,n be the moduli space of smooth curves of genus g = g X with n = |B| marked points. An Ω-point of M g,n consists of a smooth projective Ω-curve X Ω and a simple horizontal divisor B Ω . A deformation of (X, B) over (Ω, ω) is an Ω-point of M g,n together with an isomorphism of (X, B) with the fibre of (X Ω , B Ω ) over ω. Consider the deformation functor F X,B from C to sets which associates to (Ω, ω) the set of equivalence classes of deformations of (X, B) over (Ω ′ , ω ′ ) where
is any finite purely inseparable morphism. A deformation of φ over (Ω, ω) consists of a G-Galois cover φ Ω : Y Ω → X Ω branched at B Ω where (X Ω , B Ω ) is a deformation of (X, B) together with an isomorphism of φ with the fibre of φ Ω over ω as a G-Galois cover. A deformation of (Y, ρ) over (Ω, ω) consists of a smooth Ω-curve Y Ω together with an isomorphism of Y with the fibre of Y Ω over ω along with an action ρ Ω :
If dim k (Aut(X − B)) > 0, then these deformations are slightly different. For example, if p = 2, consider the Z/p-Galois cover φ : 
Consider the deformation functor F φ from C to sets which associates to (Ω, ω) the set of equivalence classes of deformations of φ over (Ω ′ , ω ′ ) where i : (Ω ′ , ω ′ ) → (Ω, ω) is any finite purely inseparable morphism. Likewise, consider the deformation functor F Y,ρ from C to sets which associates to (Ω, ω) the set of equivalence classes of deformations of (Y, ρ) over (Ω ′ , ω ′ ). By comparing the functors F φ , F Y,ρ , and × b∈BFb , we will show that the first two functors are at least pro-representable; as a result, there is a well-defined notion of the dimension of the moduli space parametrizing deformations of φ or (Y, ρ). Proof. We define τ Y : F φ → F Y,ρ as follows. Suppose (Ω, ω) is any object of C. Consider any element of the set F φ (Ω, ω). This corresponds to the equivalence class of a deformation φ Ω ′ :
The isomorphism between φ and the fibre of φ Ω ′ over ω ′ includes an isomorphism between Y and the fibre of Proof. We define τ X : F φ → F X,B × (× b∈BFb ) as follows. Given φ, once and for all we choose one ramification point y b ∈ φ −1 (b) above each branch point. Let I b be the inertia group at y b and letφ b :Ŷ y b → U be the I b -Galois cover of germs of curves at y b . Suppose (Ω, ω) is any object of C and consider any element of the set F φ (Ω, ω). This corresponds to the equivalence class of a deformation
is a deformation of (X, B) and thus its equivalence class yields an element in the set F X,B (Ω, ω). For each branch point b Ω ′ ∈ B Ω ′ , consider the completion of X Ω ′ at b Ω ′ and the completion of Y Ω ′ at the Ω ′ -ramification point which specializes to y b . The equivalence class of the restriction of φ Ω ′ to these germs of curves yields an element ofF b (Ω, ω).
Suppose now that R is a complete local ring with residue field k. Fix an element (X Ω , B Ω ) of F X,B (Ω, ω). Consider the germX Ω,b of X Ω at b and let W * = ∪ b∈BXΩ,b . Note that all deformations of anétale cover are trivial by [7, Exposé X, Corollary 2.12]. Thus by [11, Theorem 3.2.8] , there is an equivalence of categories between the category of G-Galois covers of X Ω branched at B Ω and the category of G-Galois covers of W * branched at B Ω . In particular, τ X is surjective (and injective) since there exists (a unique) deformation φ Ω : Y Ω → X Ω associated to any choice of deformation of (X, B) and collection of deformationsφ b for all b ∈ B.
It follows that the dimension of the deformation space of φ is
The result follows by noting that dim(M g,n ) − ǫ X,B = 3g x − 3 + |B|.
Note that the proof of Theorem 4.12 also directly implies the following. 
Proof. This is the dimension associated to the fibre of τ X over the element of F X,B (Ω, ω) corresponding to the constant marked curve (X × k Ω, B × k Ω).
In this section, we compute the contribution d b of a branch point b to the dimension of the deformation space when the inertia above b is of the form (Z/p) e ⋊ µ m . Here we suppose that the action corresponding to the semi-direct product is faithful, so m|(p e − 1). We compare this with the result of [3] . Recall that Cornelissen and Kato [3] (generalizing work of Bertin and Mézard [2] ) use equivariant deformation theory to compute the tangent space of a curve Y with a wildly ramified action ρ : G → Aut(Y ). They work under the assumption that Y is ordinary which forces each inertia group to be a semi-direct product 6 Application: Inertia Z/p e In this section, we study Z/p e -Galois covers using class field theory. We compute the smallest possible contribution d b of a branch point b to the dimension of the deformation space when the inertia above b is of the form Z/p e . In fact, the computation of d b should be feasible when I is any finite abelian p-group. Definition 6.1. A sequence σ 1 , . . . , σ e is p e -admissible if σ i ∈ N + , p ∤ σ 1 and for 1 ≤ i ≤ e − 1, either σ i+1 = pσ i or σ i+1 > pσ i and p ∤ σ i+1 .
For convenience, we include the proof of the following classical lemma, [19] . Proof. By the Hasse-Arf Theorem, σ i ∈ N + . Since σ 1 = j 1 , we see that p ∤ σ 1 . Suppose k((u)) ֒→ L is the p e -Galois field extension corresponding toφ. Note that for σ i < n ≤ σ i+1 , the nth ramification group I n in the upper numbering equals 1 is isomorphic to the abelianization of the fundamental group of k((u)), it follows that there exists a Z/p e -Galois coverφ :Ŷ → U. The upper jumps ofφ are the given sequence since I n = I n+1 if and only if n = σ i for some i.
We define a partial ordering on the set of p e -admissible sequences as follows. The p e -admissible sequence which is smaller than all others is {1, p, p 2 , . . . , p e−1 }. Proof. The proof will be by induction on e. If e = 1, the proof follows by Proposition 3.2. If e > 1, choose A ⊂ I σ to be a subgroup of order p. The P/A = P -Galois quotient φ has upper jumps σ 1 , . . . σ e−1 . By the inductive hypothesis, there exists a deformation φ Ω : Y Ω → U × k Ω whose generic fibre is a Z/p e−1 -Galois cover of normal connected curves whose branch locus consists of only the K-point ξ K = ξ Ω × Ω K over which it has upper jumps σ 
